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ABSTRACT 

Napoleon and Escher both have theorems about triangles named 
after them. It is doubtful whether Napoleon knew enough geometry 
to prove Napoleon's theorem [3, p.631, and Escher apparently never 
found a proof for the last part of Escher's theorem. The first part of 
Escher's theorem is aform of converse of Napoleon's theorem, and 
both theorems can be proved using tessellations, a method that 
would surely have appealed to Escher with his love of filling the 
plane with congruent shapes. 

Given any triangle, we can tessellate the plane using congruent 
copies of this triangle and equilateral triangles of three sizes, as 
shown in Figure 1. The centres of the small equilateral triangles in 
this figure clearly form the vertices of an equilateral triangular 
lattice, shown in Figure 2 by unbroken lines. The centres of the 
remaining equilateral triangles lie at the centres of the triangles of 
the lattice; hence we see from the Figure 2 that the centres of all the 
equilateral triangles form the vertices of a smaller equilateral trian- 
gular lattice, shown by broken lines. Figure 3a forms just part of the 
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NAPOLEON, ESCHER 

Napoleon et Escher ont tous deux, au sujet des triangles, des 
theoremes sur les triangles portant leur nom. II est permis de douter 
que Napoleon connaissait assez la geometrie PO ur demontrer le 
theoreme de Napoleon [3, p.631, et Escher n'aapparemment jamais 
pu demontrer la derniere partie du theoreme d'Esc her. La premiere 
partie du theoreme d'Escher est une forme de reci proque du theo- 
reme de Napoleon et les deux theoremes peuvent etredemontresen 
utilisant les tessellations, une methode qui aurait sirrement plu a 
Escher &ant donne son amour pour le pavage d u plan avec des 
formes congruentes. 

Etant donne un triangle quelconque, on peut rempl ir le plan par des 
copies congruentes de ce triangle et des triangles Bquilateraux de 
trois tailles, comme illustre zi la figure 1. Les centres des petits 
triangles equilateraux de cette figure constituent clairement les 
sommets d'un treillis triangulaire equilateral, illustrd a la figure 2 par 
des traits continus. Les centres des autres triangles equilateraux se 
situent au centre des triangles du treillis ; on voit d onc a la figure 2 
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tessellation in Figure 1; hence the centres of the three equilateral 
triangles in Figure 3a are the vertices of an equilateral triangle. This 
result is known as Napoleon's theorem; the proof just given can be 
found in [9], together with a figure showing that the same proof will 
work when the equilateral triangles are erected internally as in 
Figure 3b if we are prepared to extend our idea of a tessellation. 

One of the notebooks of the Dutch graphic artist M.C. Escher 
contains some interesting results about a special type of hexagon. 
Although these results were known previously, weshall group them 
together under the title of "Escher's theorem"; the theorem may be 
stated as follows. 

(i) Let ABC be an equilateral triangle and E any point (Figure 4). 
Let F be the pointsuch that AF= A€ and &FA€= 120". Let D 
be the point such that BD = BF and 4 DBF = 120". Then CE = 
CD and q€CD= 120". 

(ii) Congruent copies of the hexagon AFBDCE can be used to tes- 
sellate the plane. 

(iii) In Figure 4 the lines AD, BE and CFare concurrent. 

que les centres de tous les triangles Bquilateraux constituent les 
sommets d'un plus petit treillis triangulaire equilateral, illustre par 
des traits b r i s k  La figure 3a n'est qu'une partie de la tessellation de 
la figure 1 ; ainsi, les centres des trois triangles BquilatBraux de la 
figure 3a sont les sommets d'un triangle equilateral. Ce resultat est 
connu sous le nom de th6orhedeNapoleon; la demonstration qui 
en fut alorsdonnee peut Qtre trouvee dans [9] ; on y trouveaussi une 
figure montrant que la mQme demonstration est applicable lorsque 
les triangles Bquilateraux se prolongent a I'interieur comme a la 
figure 3b si on est prQt a etendre le concept de tessellation. 

L'un des cahiers de notes de I'artiste graveur hollandais M.C. Escher 
contient certains resultats interessants a propos d'un type special 
d'hexagone. Mbme si ces resultats Btaient connus precBdemment, 
on les groupera sous le titre de (( theoreme d'Escher )) ; le theoreme 
peut Qtre enonce comme suit: 

(i) Soient ABC un triangle equilateral et E un point quelconque 
(figure 4). Soit F le point tel que AF = A€ et &FA€ = 120". Soit 
D le point tel que BD = BF et 4 DBF = 120". Alors CE = CD et 
& ECD = 120". 














